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Recently we reported that Fermi–Dirac statistics of electrons contained between two oppositely charged 
surfaces separated by the order of nanometers create overlapping electric double layers with repulsive 
total force between the surfaces. Here, we present a new branch of solutions to the same variational 
problem resulting in higher energy densities and identify regions of the phase space where the force 
between two like-charged surfaces is attractive.

© 2018 Elsevier B.V. All rights reserved.
1. Introduction

Nanomaterials are defined with one of the dimensions being 
between 1 and 100 nanometers. At and below these scales, clas-
sic physical phenomena give way to a variety of quantum effects. 
Recent years have seen a rapid development of material manipu-
lation at the nanoscale [1–4], ranging from biocompatible materi-
als for use in medicine [5–9] and nanoscale biosensors [10,11] to 
nanocapacitors [12]. With the advances of nanoengineering, elec-
trochemical capacitors can be made from nanoporous materials 
that are significantly increasing their energy and power densities 
[13–17].

The main mechanism of energy storage devices in nanocapac-
itors is the electric double layer (EDL), a diffuse layer of mo-
bile charges (usually an electrolyte) adsorbed onto an oppositely 
charged surface [18]. In thermodynamic equilibrium, the electro-
static forces are in balance with the effects of diffusion, resulting 
in the accumulation of counterions and depletion of like-charged 
coions at the surface. The first rigorous description of the EDL 
was derived a century ago by the work of Gouy and Chapman in 
the form of the Poisson–Boltzmann equation, a first-order mean 
field approximation of electrostatic and entropy effects. Within the 
model, the ions of one species were monovalent, point-like and 
noninteracting, embedded in a continuum of a constant dielec-
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tric permittivity [19,20]. Since then, the models of EDL have been 
improved by including various steric effects like the finite size of 
ions or their shells of hydration [21–27]. With growing computa-
tional power, recent models can simulate the electrolyte molecules 
directly or include the polar nature of solvents, resulting in an av-
erage orientational ordering and a space-dependent dielectric per-
mittivity [28–31].

Experimentally, energy storage at the nanoscale is starting to 
show promise with nano gap capacitors and vacuum microcath-
ode arrays [32]. It is known that nano vacuum gaps can have 
higher energy densities than macro scale capacitors because di-
electric strength increases as the gap gets smaller [33]. A quick 
survey of the field reveals that most research is centered around 
the engineering aspects of electrodes and electrolytes for higher 
energy and power densities yield, yet quantum effects are likely 
to be important at the scales of capacitors manufactured at the 
nanoscale.

Little attention has been given to a quantum treatment of the 
EDL, with a notable exception that focused on the wave functions 
of electrons at the electrode interface [34]. The subject of nano-
sized gaps is however not new and has been investigated in the 
past in different contexts. Image potentials for tunneling electrons 
in the gap between two metal surfaces were shown to be relevant 
in physics of tunneling microscopes [54]. A quantum treatment 
was recently given to a system of two negatively charged cathodes 
surrounding a thin, positively charged anode [35]. In this three 
plate nanocapacitor model, the electron states are quantized even 
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at room temperatures due to small dimensions. In addition to en-
ergy storing technologies, nano gaps separated by ferroelectrics are 
being considered for use in random access memory applications 
[33].

In the present paper, we consider a model capacitor with two 
charged surfaces separated by the order of nanometers. Confined 
between them are electrons that are quantized because the di-
mensions are so small. The model is not restricted to electrons, 
however, but could be extended to other composite fermions with 
respective mass and charge. Due to asymmetric constraints on the 
wave functions, their energy levels are governed by Fermi–Dirac 
statistics that prohibit two particles to occupy the same energy 
state. Our previous work demonstrated that this quantum con-
straint results in a diffuse-like distribution of particles between the 
surfaces in the limits of low temperatures [36]. However, we know-
ingly focused on only one of the branches of possible solutions. 
Here, we focus on the omitted solution, relying on a similar func-
tional density theory approach. The difference of both solutions 
becomes most apparent when we examine the Helmholtz free 
energy, a thermodynamic potential that is minimal at thermody-
namic equilibrium in systems where volume and temperature are 
held constant [37]. We find portions of the phase space where the 
free energy has a locally positive gradient, implying a net attrac-
tive force between the two like-charged surfaces. This is surprising, 
although not unheard of in physical systems or molecular models 
of EDL. Short range attractions between charged mica have been 
reported on in the presence of divalent ions [38]. Giant unilamel-
lar vesicles with similarly charged phospholipid membranes can 
attract when oppositely-charged antibodies are present in the so-
lution [39]. The main mechanisms of such attraction are ion-ion 
correlations and bridging effects due to orientational ordering of 
ions [39–41]. Molecular dynamics simulations and DFT have con-
firmed a net attraction in cases where two macroions approach 
each other, leading to an overlapping of the highly correlated coun-
terion layers [46]. In suspensions containing large and small col-
loidal particles, the small colloids are excluded from the depletion 
regions in the vicinity of large colloids, resulting in an osmotic 
pressure pushing the large colloids together [47,48]. Our model is, 
in contrast to these investigations, of a purely quantum mechani-
cal origin and takes place orders of magnitude below macroscopic 
scales.

First, we will briefly present the model and derive the govern-
ing equation with references to our previous work, followed by 
results and a discussion of their significance.

2. The model and the governing equation

Our model system is the same as the one in [36]. Two large 
planar and parallel surfaces are located at x = 0 and x = d. Each 
surface carries a uniformly distributed positive charge with surface 
charge density σ > 0. Confined between the surfaces is a single 
type of negatively charged fermions (electrons), so that the whole 
system is electrically neutral. A generalization to positively charged 
particles and negatively charged surfaces is straightforward. The 
particles are subject to the constraints on available energy states 
implied in the Fermi–Dirac statistics. These states can be either 
occupied or unoccupied, with the probability pn that energy level 
εn is occupied being [37]:

pn = 1

1 + exp ((εn − μ)/kBT )
, (1)

where μ is the Fermi level, kB is the Boltzmann constant and T
is absolute temperature [37]. Note that direct Coulomb interac-
tions between the particles are deliberately omitted due to pos-
sible screening of the Fermi–Dirac interaction. For simplicity we 
take that each particle is confined to an infinite three dimensional 
square potential well so that its energy is given by quantized dis-
crete values [37]:

εn = n2h2

8ml2
, n = 1,2,3, ... (2)

Here, h is the Planck constant, m is the particle mass and l is the 
extension of the potential well. Following our former derivations 
[36], the system is divided into thin slices with the width δx par-
allel to the surfaces so that electric fields are considered constant 
within the slice. As there are many particles in the system, the en-
ergies are assumed to lie close together and the summation in the 
statistical averages can be replaced by integrals. The average num-
ber of particles N̄ in each slice of thickness δx is

N̄ = 2 · (1/8)

∞∫
0

4πn2

1 + exp((εn − μ))/kBT
dn, (3)

with the average energy

Ē = 2 · (1/8)

∞∫
0

4πn2εn

1 + exp((εn − μ))/kBT
dn. (4)

The factor 2 comes from the two spin states of electrons. In the 
limit of low temperatures (T → 0), only the lowest energies up to 
the Fermi level are occupied. In this low temperature limit there 
is no entropy contribution, since F = Ē − T S [37] and we calculate 
the Helmholtz free energy of a thin slice due to Fermi–Dirac wave 
function symmetry constraints on electrons Fsym as [36]:

δFsym = δ Ē = 3

5

(
h2

8m

)(
3

π

)2/3 (
N̄

V

)2/3

N̄. (5)

Integrating over the entire gap between the charged surfaces d, we 
get [36]:

Fsym = 3

5

(
h2

8m

)(
3

π

)2/3

A

d∫
0

n5/3(x)dx, (6)

where we introduced a volume density of particles as n(x) =
N̄/Aδx and A is the area of the charged plates (see Fig. 1). Charged 
particles and surfaces create mean electric fields with electrostatic 
energy

Fel = ε0 A

2

d∫
0

E2(x)dx, (7)

where E(x) is the magnitude of the electric field and ε0 is the 
permittivity of vacuum. The electric field has only the x component 
due to planar symmetry. For simplicity we assume that the electric 
field has no direct influence on the wave functions of electrons, 
therefore the total free energy is the sum [36]

F = Fsym + Fel. (8)

To obtain a global thermodynamic equilibrium, F is minimized 
with respect to unknown functions n(x) and E(x). The constraints 
of the system are the validity of Gauss’s law

ε0
∂ E

∂x
= −e0n(x), (9)

and electroneutrality
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Fig. 1. A schematic of the model with a defined coordinate system. It is presumed 
that the yz charged surfaces are infinitely large and planar symmetry applies, ren-
dering the problem one-dimensional in x. Here, σ is the surface charge density, d
is surface separation and A is the area of the surfaces. The origin of the coordinate 
system (x = 0) is located at the left surface. The gray shading is proportional to par-
ticle density n(x) for k = 5.1. Note that the maximum particle density is not in the 
immediate vicinity of the charged surfaces.

e0

d∫
0

n(x)dx = 2σ , (10)

where e0 is the elementary charge. For notational convenience, we 
can rewrite all equations into normalized form

x = x̃/d, n = ñ/n0, E = Ẽ/E0, (11)

where tilde marks position x̃, number particle density ñ and elec-
tric field Ẽ with dimensions. The normalization constants are:

n0 = 2σ

de0
, φ0 = σd

ε0
and E0 = σ

ε0
. (12)

The Lagrange function for dimensionless particle density n(x) and 
dimensionless mean electric field E(x) in the system can now be 
derived [36]:

L = αn5/3(x) + E2(x) − λ(x)

(
∂ E(x)

∂x
+ 2n(x)

)
+ λ̃n(x), (13)

where λ(x) and λ̃ are the local and global Lagrangian multipliers 
ensuring the validity of Gauss’s law and constant number of parti-
cles within the system, respectively. The dimensionless constant α
is equal to [36]:

α = 3

5 3
√

2

(
3

π

)2/3 h2ε0

me5/3
0

1
3
√

σd5
. (14)

Considering the relation E(x) = −dφ/dx, the Euler–Lagrange equa-
tions give the equation for electric potential φ(x) in the space 
between the surfaces (for details, see [36]):

(
d2φ(x)

dx2

)2/3

=
(

β
√

5

4

)2

(4φ(x) − λ̃). (15)

Here, β is a constant related to α:

β = 4

√
2

(
3

)3/4

. (16)

5 5α
The symmetry of the system imposes the electric field to be zero 
between the surfaces [36]:

dφ(x)

dx

∣∣∣∣
x=1/2

= 0, (17)

with corresponding constant electric potential

φ(x = 1/2) = 0. (18)

The other boundary condition follows from electroneutrality of the 
system. The electric field at the plates is equal to the surface 
charge density, which simplifies in normalized units [36]:

dφ(x)

dx

∣∣∣∣
x=0

= −1. (19)

In summary, all previous conditions discussed in [36] still apply. 
We focus on the negative root of equation (15), so we are inter-
ested in the case where the right side of (15) is negative,

4φ(x) < λ̃, (20)

changing the equation to

d2φ(x)

dx2
= (−1)3/2

(
β
√

5

4

)3

(λ̃ − 4φ(x))3/2. (21)

3. Results and discussion

Equation (21) was solved for φ(x) by introducing a new vari-
able and determining the coefficients from boundary conditions as 
detailed in Appendix A. The final result for the electric potential is:

φ(x) = 1 − cos (k(x − 1
2 )) cosh (k(x − 1

2 ))

k
(

cosh k
2 sin k

2 − cos k
2 sinh k

2

) . (22)

Here, the constant k is related to β by

k = 51/4

2

√
β3

2
. (23)

The volume density of charged particles between the surfaces is 
derived from Euler–Lagrange equations [36]:

n(x) = 1

2

d2φ(x)

dx2
, (24)

which simplifies to

n(x) = k sin k(x − 1
2 ) sinh k(x − 1

2 )

cosh k
2 sin k

2 − cos k
2 sinh k

2

. (25)

We immediately see that this function can be less than zero at 
some values of k, which would imply a negative particle density. 
We can circumvent this anomaly by investigating the intervals of k
where the particle density is non-negative,

n(x) ≥ 0. (26)

The maximum value of k in order to produce physically viable so-
lutions is 2π , as detailed in Appendix B. Since k is dependent on 
β and, in turn, on α, we find its maximum value corresponding 
to k = 2π . The inverse proportionality of surface separation d and 
surface charge density σ (see equation (14)) restricts solutions to 
an interval where both d and σ cannot change arbitrarily, but are 
imposing an upper limit on one another by the equation
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Fig. 2. Phase space of solutions, corresponding particle distributions n(x) and Helmholtz free energy; (a): A portion of the phase space (d, σ) of particle distribution solutions 
(equation (27)). Arrows indicate isohypses of constant product σd5, along which k is constant. From A to D, particle density changes continuously. At point A, k = 1.05. 
At point D, k = 2π . The isohypse 0.47H0 marks the transition of particle concentration being largest at the surfaces; (b): Particle density distributions n(x) (equation (25)) 
for points A–D of the phase space in Fig. 2(a). The surface charge density is kept constant σ0 = 51μC/m2 while distance d between the surfaces increases from 1 nm to 
2.6 nm; (c): Helmholtz free energy (equation (28)) along isohypses is a monotonous, power law dependent function of both d and σ . Here, the energy dependence along the 
isohypse H0 is shown; (d): Full line: Helmholtz free energy along constant surface charge σ0 = 51μC/m2 (Fig. 2(a)). The points A–D correspond to points of the phase space 
of Fig. 2(a). Dashed line: Helmholtz free energy at identical parameters for original solutions ([36]). Free energy has a local minimum at 0.58H0.
σd5 =
( h2ε0

me5/3
0

)3(36 · 54 · π2

213

)1/3 ≡ H0, (27)

where it is convenient to mark the many constants by H0. At cho-
sen surface separation d, the value of surface charge density can 
therefore at most be σ = H0/d5. The phase space (d, σ) consists 
of inversely proportional quintic curves, or isohypses (Fig. 2(a)). 
A short calculation confirms that at constant product σd5 the pa-
rameter k is also constant, which in turn results in identical elec-
tric potential and number density dependencies. In a geometrical 
sense we find that moving along isohypses of constant product 
σd5 results in identical φ(x) and n(x), but not total Helmholtz free 
energy, as we shall soon see. The particle distributions n(x) for four 
points of the phase space in Fig. 2(a) are shown in Fig. 2(b).

Calculations were performed with Wolfram Mathematica soft-
ware (Wolfram Research, Inc., Mathematica, Version 9.0, Cham-
paign, IL (2012)). The solutions for electric potential coincide with 
those found in [36]; electric potential is highest in the vicinity of 
the charged plates, where the electrons accumulate due to elec-
trostatic attraction, and then decreases towards the middle of the 
surfaces, where the electric field is zero. The Pauli exclusion princi-
ple prevents the electrons to entirely condensate on both surfaces, 
so they are forced into higher-state energies or further away from 
the charged surfaces. This can be seen in Fig. 2(b), where the num-
ber density assumes a parabolic shape with zero concentration in 
the middle. At unchanging but arbitrary d and the limit σ → 0 the 
particle distributions limit toward Fig. 2(b, A). This is in contrast 
with solutions discussed in [36], where in the limit of small σ
the particles tend to distribute equidistantly between the surfaces. 
This non-uniform distribution hints at higher baseline equilibrium 
energies of the new solutions, as greater particle density implies 
occupation of higher energy states.

We find that particle density distributions start to change as 
soon as the product σd5, or rather k, increases. It is perhaps most 
intuitive to fix one of the values, either d or σ , and investigate 
how electric potential or particle density change in dependence on 
only the other parameter. We may vary d from 1 nm to 2.6 nm at 
constant σ0 and observe the change in n(x), as shown in Fig. 2(b). 
In the initial parabolic distribution, most particles are accumulated 
near the surfaces. We find that the changes in n(x) are continuous 
as the surfaces are brought apart. At a point beyond 0.47H0 on the 
phase space, the initial parabolic distribution with most particles 
accumulated near the surfaces gradually changes (Fig. 3); particles 
are steadily depleted from the immediate vicinity of the charged 
surfaces (Fig. 2(b, C)) until the concentration directly near the sur-
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Fig. 3. Particle density distributions for isohypses 0.47H0 (dashed line, d0 = 2.24
nm) and 0.58H0 (full line, d0 = 2.34 nm). The surface charge density in both cases 
is σ0 = 51 μC/m2. The distribution is shown only for one half of the system due to 
symmetry.

faces drops to zero at H0. Remarkably, fermion concentration in 
this regime is negligible near the surfaces but attains two local-
ized peaks before decreasing to zero in the middle (Fig. 2(b, D)). It 
is possible that this energetically most favorable state corresponds 
to a metastable solution with electron wave-functions acting as 
bridging mediators between the surfaces. Reminiscing a standing 
wave function probability density of an infinite potential well with 
a boundary condition of electric field symmetry, one could ar-
gue that the fermions’ wave functions are in phase, overlapping 
in a way that produces two localized peaks of number density in 
the limit of k = 2π . Further work could investigate the density of 
states with the Wentzel–Kramers–Brillouin (WKB) approximation, 
but this exceeds the scope of the present paper.

Helmholtz free energy per unit area (or simply, free energy) of 
the system at given values of d and σ is evaluated as the integral

f (d,σ ) = f0

1∫
0

(
αn5/3(x) + E2(x)

)
dx. (28)

Here, the first term corresponds to energy density due to Fermi–
Dirac wave function symmetry constraints of fermions (Fsym), 
while the second term is the energy of the mean electric field 
(Fel) (see equation (8)). Free energy is normalized with f0, the sur-
face energy density of a classical plate capacitor in a vacuum given 
by f0 = σ 2d/2ε0. We are interested in seeing how free energy 
changes with d or σ . The two obvious approaches to achieving this 
are again along isohypses or parallel to one of the axes. Free energy 
along isohypses changes significantly. Fig. 2(c) shows the total free 
energy along the isohypse H0. We see that the change in d span-
ning from one to two nanometers corresponds to around 2 orders 
of magnitude decrease in free energy, since the latter is a non-
linear function of electric field, and in turn, of σ . This exponential 
dependence is a direct consequence of the power law present in 
equation (27) and the fact that both contributions to free energy 
are non-linear in nature, particularly Fsym (see [36]). This property 
could be useful in energy storage devices, as the slightest change 
in surface charge or surface separation would considerably change 
the energy of the system. A similar effect for small vacuum gaps 
has been reported on in recent literature [33]. In [36], we have 
kept surface charge constant while increasing surface separation 
and observed a similar trend of inversely proportional free energy 
dependence, but this is not the case with new solutions. Remark-
ably, free energy has a local minimum on the phase space when d
and σ are in such proportions that

σd5 ≈ 0.58H0. (29)

This energy minimum is always greater in relation to the original 
solution at identical parameters. An example of this is shown in 
Fig. 2(d). We fix the surface charge to σ0 = 51 μC/m2 and vary the 
distance d from 1 to 2.6 nm. At first, the energy is decreasing until 
it reaches a local minimum at approximately d = 2.34 nm before 
increasing again. This result is surprising as our previous calcula-
tions always predicted the free energy to be a monotonous, and 
decreasing, function of surface separation (see Fig. 2(d)). Distance-
dependent free energy decrease is intuitive, not only because elec-
tric fields are weaker at greater distances, but because Fsym signif-
icantly levels off with more space available to the fermions ([36]). 
When equation (29) is fulfilled, the net force between the surfaces 
is zero, yet becomes attractive when the free energy gradient is 
positive, from 0.58H0 to H0. For d = 1 nm, the attractive force 
is of order of piconewtons per square nanometer. Fig. 2(d) illus-
trates that the free energy of the primary solution ([36]) is always 
lower for identical parameters. It is possible that this points to a 
metastable character of the new solutions, corresponding to new 
and volatile physical states that were lost when taking only the 
positive root of equation (15). It is tempting to think of the attrac-
tion as being Casimir-like in origin, as there is no assumptions of 
a physical medium: the vacuum between the surfaces is perme-
ated only by electric field E(x) and wave functions of electrons. 
However, it is rather difficult to continue this argument within the 
confines of the present model.

Most elusive to interpretation is perhaps the non-monotonous 
number density distribution n(x) seen in Fig. 2(b). In the case of 
primary solutions, particle density is greatest at the charged sur-
faces and levels off towards the middle, with the overall attraction 
being repulsive. Contradictory to this, new solutions result in par-
ticle concentration that does not seem to be greatest directly at 
the surfaces, but somewhat farther away. Since all our solutions 
correspond to thermodynamic equilibrium minima of free energy, 
it is possible that such configurations are most effective at shield-
ing the electric field of the surfaces, overall minimizing the mean 
electric field energy throughout the pore. Consequently, the wave 
functions of the electrons overlap in ways that result in highest 
concentration of states somewhere between the charged surface 
and the mid-line. Beyond 0.58H0, particles are concentrated in two 
peaks (see Fig. 2(b), C–D), effectively shielding the repulsion of the 
plates. The surfaces are attracted to these two areas of converged 
opposite charge, resulting in an overall attraction of the two sur-
faces.

As discussed in the introduction, attraction between like-
charged surfaces is not uncommon in nature. On a molecular scale, 
it is known that like-charged surfaces are commonly attracted to 
each other in the presence of multivalent counterions and spher-
ical particles with a quadrupolar charge distribution [39,42–45]. 
A common mechanism of the latter is the so-called bridging me-
diation. Quadrupolar particles have a charge at opposite sides of 
the diameter, where one of the sides is adsorbed to the differently 
charged surface. If the gap between charged surfaces is a factor of 
the particle’s diameter, orientational ordering arranges the parti-
cles into chains that bridge the gap of both surfaces, consequently 
pulling them together. Such a result cannot be predicted by the 
classic Poisson–Boltzmann theory, which is a first-order approx-
imation for weak electric fields and low particle concentrations. 
Attraction between like-charged surfaces has been reported in 
Monte-Carlo simulations of electrolytes for high counterion-surface 
coupling parameters [40,50]. Similar theoretical results were re-
ported for high counterion valencies, high surface charge densities 
and low temperatures [49].

Although our model rests on assumptions that are wholly of 
a quantum mechanical origin, we may draw some parallels with 
these findings. Quantum mechanical formulation implies implicit 
correlation between fermions; the particles are not independent, 
but rather strongly correlated by the Pauli exclusion principle. We 
have seen that attraction between the surfaces happens only in 
the vicinity of relatively high surface charge σ , moreover when 
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particles are depleted from the surfaces, being relocated roughly 
half-way towards the middle. This concentration of charge cre-
ates an attractive force between each surface and particle cluster, 
reminiscent of a system of two plane parallel capacitors in series. 
It would be interesting to investigate how this attraction would 
change if our model included electric field influence on the wave 
functions. Although particles are point-like, these perturbed states 
would possess a certain anisotropy, possibly resulting in a sort 
of orientational ordering and further amplifying the bridging at-
traction effect. Furthermore, an inclusion of a Coulomb interaction 
term would also be appropriate now that the effects of Fermi–
Dirac statistics were singled out. We predict that this addition 
would alter the resulting particle distributions at higher densities 
– at the cost of possibly screening the subtler Fermi–Dirac interac-
tions, rendering them unnoticeable.

The use of density functional theory for a semiclassical descrip-
tion of many-electron systems is not new, having been introduced 
by the Thomas–Fermi model in the study of ground state atoms. 
It differs from a density wavefunction approach by instead con-
sidering the number density of electrons, finding the spherical 
momentum space up to Fermi momentum. The shortcomings of 
this theory were addressed by the Kohn–Sham density functional 
theory and others ([51], [52]). Later, the formalism based on the 
density has been generalized to other systems consisting of many 
particles, in particular, constituents of ionic solutions [53]. Due to 
the large particle numbers the methods of statistical physics are 
appropriate. In considering the electric double layer, the functional 
depends on the global system – charged surfaces and electrons 
between them – so the functions are expected to vary with the 
distance between the surfaces. On the other hand, the use of en-
samble statistics requires the fields to be constant within the rep-
resentative subsystem. It is therefore necessary to first consider 
local thermodynamic equilibrium by dividing the system into in-
finitesimal slices and assuming equilibrium of each slice. Here, 
the electrons can be considered as explicitly independent and are 
described as dimensionless particles by the Schrödinger equation 
[37]. The density functional is in our model introduced when parts 
of the system are assembled into a global system with spatially 
varying electric field and density of the number of fermions, simi-
larly to the model of electrolyte solution [26].

4. Conclusions

We have presented new solutions to our model of a capacitor 
with quantum particles that are restricted by Fermi–Dirac statis-
tics. Constructing a free energy functional and using calculus of 
variations, we have derived an analytical approximation for the 
number density of particles, electric potential within the capaci-
tor and free energy. The phase space of solutions are isohypses 
of a constant product of two model parameters. We have found 
that free energy changes by a power law along isohypses, but has 
a local minimum when one of the parameters is held constant. 
Remarkably, this implies an attraction between two like-charged 
surfaces, a result that is analogous to attraction of like-charged sur-
faces on a molecular scale and ubiquitous in natural processes. Po-
tential applications of our research are in energy storage technolo-
gies, particularly in nano gap capacitors and vacuum microcathode 
arrays. With engineering increasingly moving into the nano scales, 
research in possible quantum effects is necessary. Upgrades to our 
model would consider the effects of electric fields on wave func-
tions and dissipation processes, such as leakage currents.
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Appendix A. Derivation of electric potential

We start by considering equation (21). Since (−1)3/2 = i, where 
i is the imaginary unit,

d2φ

dx2
= (−i)

(
β
√

5

4

)3

(λ̃ − 4φ)3/2. (A.1)

We introduce a new variable

u = λ̃ − 4φ, du = −4 dφ, (A.2)

and make use of the identity

d

dx

(
dφ

dx

)2

= 2
dφ

dx

d2φ

dx2
. (A.3)

Multiplying both sides of equation (A.1) by 2 dφ/dx,

2
dφ

dx

d2φ

dx2
= 2

dφ

dx
(−i)

[5
√

5β3

64

]
u3/2 (A.4)

and using the chain rule

du

dx
= du

dφ

dφ

dx
, (A.5)

we can rewrite equation (A.4):

d

dx

(
du

dx
· dφ

du

)2

= 2

(
du

dx
· dφ

du

)
(−i)

[5
√

5β3

64

]
u3/2. (A.6)

Since dφ/du = −1/4, it follows that

1

16
d

(
du

dx

)2

= i

2

[5
√

5β3

64

]
u3/2du. (A.7)

We integrate both sides of equation (A.7) from x = 1/2, where the 
reduced potential value is u1/2 and electric field strength du/dx is 
zero due to symmetry:(

du

dx

)2

=
[√

5β3

4

]
i(u5/2 − u5/2

1/2). (A.8)

Before taking the root and integrating again, we approximate the 
power 5/2 on the right hand side by 2 to keep the integral an-
alytical. As discussed in [36], the deviation of this approximation 
is numerically negligible. The integral limits run from x = 1/2 to 
some arbitrary 1/2 < x < 1, with the corresponding reduced po-
tential limits running from u1/2 to u(x):

u +
√

u2 − u2
1/2

u1/2
= exp

(
c(

1

2
− x)

)
. (A.9)

Here, c = (1 + i)51/4β3/2/2
√

2, where (1 + i) comes from the 
square root of the imaginary unit 

√
i = (

√
2/2)(1 + i). After some 

rearranging we derive the expression for the reduced potential 
u(x):

u = u1/2 cosh

(
c(x − 1

2
)

)
. (A.10)

Considering the identity for complex arguments of hyperbolic 
functions

cosh(a + bi) = cosh a cos b + i sinh a sin b, (A.11)

we may separate the reduced potential dependency into a sum of 
real and complex terms, namely
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u = u1/2

(
cosh k(x − 1

2
) cos k(x − 1

2
)

+ i sinh k(x − 1

2
) sin k(x − 1

2
)

)
, (A.12)

where the constant k is now real and equal to

k = 51/4

2

√
β3

2
. (A.13)

The constant u1/2 is determined from the boundary condition of 
electric field dφ(x = 0)/dx = −1 (equation (19)). Accounting for 
substitution u (equation (A.2)) and taking only the real component 
of potential, we get

	(
du

dx
)

∣∣∣∣
x=0

= −4
dφ

dx

∣∣∣∣
x=0

= (−4) · (−1) = 4. (A.14)

Here, 	(z) denotes the real part of imaginary number z. The 
derivative du/dx is equal to

du

dx
= (1 + i)ku1/2 sinh

(
k(1 + i)(x − 1

2
)

)
, (A.15)

its real part being

	(
du

dx
) = ku1/2

(
cos k(x − 1

2
) sinh k(x − 1

2
)

− cosh k(x − 1

2
) sin k(x − 1

2
)

)
. (A.16)

Considering equation (A.14), we find u1/2:

u1/2 = 4

k
(

cosh k
2 sin k

2 − cos k
2 sinh k

2

) . (A.17)

We can finally write the real component of the reduced potential 
u(x):

	(u(x)) = 4 cos (k(x − 1
2 )) cosh (k(x − 1

2 ))

k
(

cosh k
2 sin k

2 − cos k
2 sinh k

2

) . (A.18)

What is left is determining the Lagrange multiplier λ̃. We find it by 
considering equation (A.2) and the zero of potential φ(x) (equation 
(18)):

φ(x = 1

2
) = λ̃ − 	(u(x = 1

2 ))

4
= 0

−→ λ̃ = 4

k
(

cosh k
2 sin k

2 − cos k
2 sinh k

2

) . (A.19)

By using equations (A.2) and (A.18) we obtain the dependence of 
the potential φ on coordinate x (equation (22)):

φ(x) = 1 − cos (k(x − 1
2 )) cosh (k(x − 1

2 ))

k
(

cosh k
2 sin k

2 − cos k
2 sinh k

2

) . (A.20)

Appendix B. Analysis of n(x) ≥ 0 condition

When analyzing the condition for n(x) ≥ 0, we are interested in 
zeros of the numerator of equation (25):

k sin k(x − 1

2
) sinh k(x − 1

2
) ≥ 0. (B.1)

Since k is defined by positive constants, the trivial solution k = 0
is not possible. The normalization of the coordinate x in equation 
Fig. B.4. Particle density functions (equation (25)) for different values of k. 
(A): k = π ; (B): k = 2π ; (C): k = 4π ; (D): k = 8π .

(11) assures the domain is x ∈ [0, 1]. When x > 1/2, the whole 
expression will be positive, and likewise for x < 1/2, since both 
sine and hyperbolic sine are odd functions. Next, particle den-
sity at x = 1/2 will always be zero. Non-trivial solutions require 
sin k(x − 1/2) to be zero, imposing the condition

sin k(x − 1

2
) = 0 −→ k = qπ

(x − 1/2)
, q = 1,2,3 ...,

(B.2)

where q is an integer since k is defined by positive constants. Plot-
ting n(x) on the interval [0, 1] we find that k can indeed vary from 
0 to 2π with the function being non-negative on the domain. Fur-
ther products of 2π render particle density negative, as seen in 
Fig. B.4. It is therefore conclusive that the maximum value of k is 
2π .
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Attraction between negatively charged surfaces mediated by spherical counte-
rions with quadrupolar charge distribution, J. Chem. Phys. 129 (2008) 105101.
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